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Abstract. A rigorous three-dimensional relativistic equation for quark—antiquark bound states at finite tem-
perature is derived from the thermal QCD generating functional which is formulated in the coherent-state
representation. The generating functional is derived newly and given a correct path-integral expression.
The perturbative expansion of the generating functional is specifically given by means of the stationary-
phase method. Especially, the interaction kernel in the three-dimensional equation is derived by virtue of
the equations of motion satisfied by some quark—antiquark Green functions and given a closed form which is
expressed in terms of only a few types of Green functions. This kernel is very suitable to use for exploring the
deconfinement of quarks. To demonstrate the applicability of the equation derived, the one-gluon exchange

kernel is derived and described in detail.

PACS. 05.30.-d; 67.40.Db; 11.15.-q; 12.38.-t; 11.10.St.

1 Introduction

Quantum chromodynamics (QCD), as a strong interaction
theory of quarks and gluons, has a distinctive property of
asymptotic freedom and infrared slavery which makes the
quarks and gluons to be confined in hadrons. It is widely
believed that in extreme conditions, i.e., at high tempera-
ture and/or high density, the quarks and gluons would
be deconfined from hadrons and form a new matter, the
quark—gluon plasma (QGP). It is highly expected that the
QCD phase transition from hadrons to QGP would take
place and would be observed in high energy heavy ion col-
lisions at RHIC [1-3]. Theoretically, to predict the QCD
phase transition, many efforts have been made by using dif-
ferent approaches such as the lattice simulation, the effect-
ive field theory, the hydrodynamic model etc. [4—-14]. Ac-
cording to the prediction of the lattice QCD calculations,
the phase transition could occur when the colliding system
reaches temperatures 150-170 MeV [2]. Since the quarks
and gluons are confined in hadrons, which exist as bound
states of quarks and/or gluons, it is obvious that a proper
approach of investigating the quark deconfinement is to
start from an exact relativistic equation for quark and/or
antiquark bound states at finite temperature. This pa-
per is devoted to deriving a rigorous three-dimensional
relativistic equation of Dirac—Schrédinger type for quark—
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antiquark (¢g) bound states at finite temperature. In par-
ticular, the interaction kernel in the equation will be given
a closed and explicit expression which will be derived by
following the procedure described in [15-17]. This consti-
tutes the main purpose of this paper. Clearly, if the inter-
action kernel and the equation can be calculated by a suit-
able nonperturbation method, one can exactly determine
at which temperature the quark and antiquark will be de-
confined from mesons.

In this paper, we intend to derive the aforementioned
equation and kernel from the thermal QCD generating func-
tional formulated in the coherent-state representation. For
this derivation, we need first to give a correct expression
of the generating functional in the coherent-state repre-
sentation. This constitutes another purpose of this paper.
Here it is necessary to mention that the corresponding path-
integral expressions for the partition functions and gener-
ating functionals given in the previous literature are not
correct [18—22]. The incorrectness is due to the fact that in
the previous path-integral expressions, the integral repre-
senting the trace is not separated out on the one hand and
the time-dependence of the integrand in the remaining part
of the path integral is given incorrectly on the other hand.
Such path-integral expressions can only be viewed as a for-
mal symbolism, because in practical calculations one has
to return to the original discretized forms which lead to the
path-integral expressions. If one tries to perform an ana-
lytical calculation of the path integrals by employing the
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general methods and formulas of computing functional inte-
grals, one would get a wrong result. The partition functions
and generating functionals for many-body systems dis-
cussed in quantum statistics were rederived in the coherent-
state representation and given correct functional-integral
expressions in the author’s previous paper [23]. These ex-
pressions are consistent with the corresponding coherent-
state representations of the transition amplitude and the
generating functional in the zero-temperature quantum
theory [24—26]. Particularly, when the functional integrals
are of Gaussian type, the partition functions and the gener-
ating functionals can exactly be calculated by means of the
stationary-phase method [25—-27]. For the case of interact-
ing systems, the partition functions and finite-temperature
Green functions can be conveniently calculated from the
generating functionals by the perturbation method. The
coherent-state representation of the partition function and
the generating functional given in quantum statistics is now
extended to thermal QCD in this paper, giving a correct for-
mulation for the quantization of the thermal QCD in the
coherent-state representation.

The remainder of this paper is arranged as follows. In
Sect. 2, we quote the main results given in our previous pa-
per for the quantum statistical mechanics. These results
may straightforwardly be extended to the quantum field
theory. In Sect. 3, we describe the coherent-state repre-
sentation of the thermal QCD in the first order (or say,
Hamiltonian) formalism. In Sect. 4, the quantization of the
thermal QCD is performed in the coherent-state represen-
tation by writing out explicitly the generating functional
of thermal Green functions. To demonstrate the applica-
bility and correctness of the generating functional, we pay
attention to deriving the perturbative expansion of the
generating functional in the coherent-state representation.
Section 5 will be used to establish the three-dimensional
equation obeyed by the ¢g bound states at finite tempera-
ture. Section 6 serves to derive the closed expression of
the interaction kernel appearing in the three-dimensional
equation. In Sect. 7, the one-gluon exchange kernel and
Hamiltonian will be discussed in detail. In the last section,
some concluding remarks will be made. In the appendix,
the perturbative expansion of the generating functional
given in Sect. 4 will be transformed to the corresponding
one represented in the position space.

2 Path-integral formulation of quantum
statistics in the coherent-state
representation

First, we start from the partition function for a grand
canonical ensemble which usually is written in the
form [19-22]

Z:Trefﬁf(, (1)

where g = % with k and T being the Boltzmann constant
and the temperature and

K =H-uN; (2)
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here p is the chemical potential, and H and N are the
Hamiltonian and particle-number operators respectively.
In the coherent-state representation, the trace in (1) will
be represented by an integral over the coherent states. To
determine the concrete form of the integral, for simplicity,
let us start from an one-dimensional system. Its partition
function given in the particle-number representation is

o0

z=>

R ny 3)

Then we use the completeness relation of the coherent
states [18—28]

/ D(a*a) |a){a® |=1, (4)

where | a) denotes a normalized coherent state, i.e., the
eigenstate of the annihilation operator a with a complex
eigenvalue a [18—-28]:

ala) =ala), ()
whose Hermitian conjugate is
(a*|a" =a" (a”| (6)

and D(a*a) symbolizes the integration measure defined
by [18—28]

" da*da,
D(a"a) = {da*da

In the above, we have used the eigenvalues a and a* to
designate the eigenstates |a) and (a*|, respectively. It is
emphasized that since we use the normalized eigenfunction
of the coherent state whose expression in its own represen-
tation will be shown in (15), the completeness relation in
(4) has the ordinary form as we are familiar with in quan-
tum mechanics. Inserting (4) into (3), we have

Z= Z/Daa

for bosons;
for fermions. (7)

a*a') (n|d') (a”*|e K |a) (a* | n) ,

where

are the energy eigenfunctions given in the coherent-state
representation (note that for fermions n =0,1) [20-26].
Both eigenfunctions commute with the matrix element

a* | e PK |a

, because the operator K (a™,a) generally

is a polynomial of the operator a*a for fermion systems. In
view of the expressions in (9) and the commutation rela-
tion [20—26]

a*a' =+ad'a* (10)
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where the signs “4” and “—” are attributed to bosons and

fermions respectively, it is easy to see

(n|d’){a”|n)=(+a"|n)(n|d) . (11)
Substituting (11) in (8) and applying the completeness re-
lations for the particle-number states and coherent ones,
one may find
Z:/D(a*a) (+a*| e PK |a) | (12)
where the plus and minus signs in front of a* belong to
bosons and fermions respectively.
To evaluate the matrix element in (12), we may, as
usual, divide the “time”interval [0, 3] into n equal and in-
finitesimal parts, 8 = ne. and then insert a completeness

relation shown in (4) at each dividing point. In this way,
(12) may be represented as [19—-27]

Z:/D(a*a)
n—1

X H D(a}a;) (+a”| ek lan—1) {aj,_| oK |a@n—2)
i=1

x (afa| e Ja) {afl e~ Jair) (af] = [a)
(13)
Since ¢ is infinitesimal, we can write
e—=K(@"3) x 1 _cR(a*,a), (14)
where K (a*, @) is assumed to be normal-ordered. Noticing

this fact, when applying (5) and (6) and the inner product
of two coherent states [19-27]

(af | ai—1) = e—%af‘li—%af—wiq-&-af%q , (15)

which is suitable to both bosons and fermions, one can get
from (13) that

Z:/D(a*a)e_a*a
n—1 n
x/HD(afai)exp{—EZK(af,ai_l)
i=1 i=1

n n—1
+Za;‘ai,1—za;‘ai}, (16)
i=1 i=1
where we have set
ta*=a,, a=ag. (17)

It is noted that the factor e~ @ in the first integrand comes
from the matrix elements (+a*|a,,—1) and (a}|a), and the
last sum in the above exponent is obtained by summing
up the common terms —%afai and —%af_lai,l appear-
ing in the exponents of the matrix element (a} | a;,—1) and
its adjacent ones (aj,; | a;) and (a;_; | a;—2). As will be
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seen in (21), such a summation is essential to give a correct
time-dependence of the functional integrand in the parti-
tion function. The last two sums in (16) can be rewritten in
the form

n n—1
a; a;—1 — a; a;
i=1 =1

l * l *
= §anan_1 + §a1ao

n—1 * *
€ Ait1 — G (GG
+§; [(75 >az—ai (75 )] . (18)

Upon substituting (18) in (16) and taking the limit € — 0,
we obtain the path-integral expression of the partition
functions as follows:

Z:/D(a*a)e—a*a/@(a*a)ef(a*,a)7 (19)
where
[14ida*(r)da(r), for bosons;
Pla'a) = [Ida*(7)da(r),  for fermions (20)
and
* 1 * 1 *
1(a,0) = La* (8)a(8) + za" (0)al0)
B, 1.,
_/0 dr l§a (r)a(r) — za*(m)a(r)
+K(a*(T),a(T))]
B
=a*(B)a(pB) —/ dr[a*(r)a(r) + K (a"(7), a(7))] ,
0
(21)

where the last equality is obtained from the first one by
a partial integration. In accordance with the definition
given in (17), we see, the path-integral is subject to the fol-
lowing boundary conditions:

(22)
where the signs “+” and “—” are written respectively for
bosons and fermions. Here it is noted that (22) does not im-
plies a(8) = ta and a*(0) = a*. Actually, we have no such
boundary conditions.

For systems with many degrees of freedom, the func-
tional-integral representation of the partition functions
may directly be written out from the results given in
(19)—(22) as long as the eigenvalues a and a* are under-
stood as column matrices a = (a1, a2, -, ag,---) and a* =
(a},a3,--- ag,---). Written explicitly, we have

Zz/D(a*a)e_aZak/’D(a*a)el(“*’“), (23)
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where
11 %daZdak, for bosons;
D(a*a)= § (24)
[1dajday, for fermions,
k
[1tdaj(r)day(r), for bosons;
D(a*a) = e (25)
[[daj(7)dax(7), for fermions
kT
and
I(a”, a) = ai.(B)ax(B)
B
_ / dr {a,’;(T)ak (1) + K (ai (1), ax (1))
0
(26)
The boundary conditions in (22) now become
ay;(B) =xay, ar(0)=ay. (27)

In (23) and (26), the repeated indices imply the summa-
tions over k. If the k stands for a continuous index as in
the case of quantum field theory, the summations will be
replaced by integrations over k.

It should be pointed out that in the previous deriva-
tion of the coherent-state representation of the partition
functions, the authors did not use the expressions given
in (16) and (18). Instead, the matrix element in (15) was
directly chosen to be the starting point and recast in the
form [18-22]

(aj|@i-1)

. €| Qi —a;—1 ai —a;_y
=expy—gla | —_ )|\ —F )1

(28)

Substituting the above expression into (13) and taking the
limit € — 0, it follows that [18—22]

B
Z :/’D(a*a) exp { —/0 dr l%a*(T)d(T) - %d*(T)a(T)

+ K (a*(7), a(r))] } (29)

Clearly, in the above derivation, the common terms ap-
pearing in the exponents of adjacent matrix elements were
not combined together. As a result, the time-dependence
of the integrand in (29) could not be given correctly. In
comparison with the previous result shown in (29), the ex-
pression written in (19)—(21) has two functional integrals.
The first integral which represents the trace in (1) is ab-
sent in (29). The second integral is defined as the same as
the integral in (29); but the integrand are different from
each other. In (19), there occur two additional factors in
the integrand: one is e~%"% which comes from the initial
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and final states in (13), another is ezla"(B)a(®)+a”(0)a(0)]
in which a¢*(8) and a(0) are related to the boundary con-
ditions shown in (22). These additional factors are also
absent in (29). As will be seen soon, the occurrence of these
factors in the functional-integral expression is essential to
give correct calculated results.

To demonstrate the correctness of the expression given
in (23)—(27), let us compute the partition function for the
system whose Hamiltonian is of harmonic oscillator type as
we meet in the cases of ideal gases and free fields. In this
case,

K(a*a) = wrajay , (30)
where wy, = €, — p with e being the particle energy, and
therefore (26) becomes

I(a*, a) = a},(B)ax (5)
16}
- / dr (4} ()i (7) + wral(T)ax(r)] . (31)

By the stationary-phase method which is established based
on the property of the Gaussian integral that the integral is
equal to the extremum of the integrand which is an expo-
nential function [25-27], we may write

/’D(a*a)el(“*’“) =clo(a”a) (32)

where Iy(a*,a) is obtained from I(a*,a) by replacing
the variables aj(7) and ap(7) in I(a*,a) with those
values which are determined from the stationary condition
dI(a*,a) = 0. From this condition and the boundary condi-
tions in (27) which implies daj (3) = 0 and day(0) =0, it is
easy to derive the following equations of motion [24—26]:

dk(T)—l—wkak(T):O, dZ(T)—wkaZ(T)ZO. (33)

Their solutions satisfying the boundary condition are

WET

an(T) = are %7, al(r) = talerTH) (34)

On substituting the above solutions into (31), we obtain
Io(a*,a) = +ajare k7. (35)

With the functional integral given in (32) and (35), the par-
tition functions in (23) become

7 fD(a*a)e*“Z“k(lfefﬂ‘”k),
°7\ J D(a*a)ehan(i+e=m),

for bosons; (36)
for fermions.

For the boson case, the above integral can directly be cal-
culated by employing the integration formula [18]:

1

[ D@ae 0@ =iy @)

The result is well-known, as shown in the following [20-22,
29]:

1
Zo=1] T (38)
k
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For the fermion case, by using the property of a Grassmann
algebra and the integration formulas [21-26]:

/da:/da*zo, /da*a*z/daazl

it is easy to compute the integral in (36) and get the famil-
iar result [21-23,29]

Zo = H(l + eiﬁwk) .

k

(39)

(40)

It is noted that if the stationary-phase method is applied
to the functional integral in (29), one could not get the re-
sults as written in (38) and (40), showing the incorrectness
of the previous functional-integral representation for the
partition functions.

Now let us turn to discuss the general case where the
Hamiltonian can be split into a free part and an interaction
part. Correspondingly, we can write

K(a*,a):Ko(a*,a)—i—HI(a*,a), (41)
where Ky(a*, a) is the same as given in (30) and Hi(a*, a)
is the interaction Hamiltonian. In this case, to evaluate the
partition function, it is convenient to define a generating
functional through introducing external sources j;(7) and
Jik(7) such that [21-23]

AVl :/D(a*a)e*“*k“k/g(a*a) exp{a}i(ﬂ)ak(ﬁ)

B
_/0 dT[a,";(T)dk(T)—l-K(a*a)
—ji(P)ar(r) = ai (r)jn(r)] }

8 3 g
- dTHI<W’iW)ZoU*J]’ 42)

=€

”

where the signs “+” and “—” in front of 53‘:7 refer to

bosons and fermions respectively, and Zp[j*, j] is defined
by

Zulj*,d) = [ Do [ Daajel@ e (az)

in which
I(a*,a; 5%, j) = a3, (B)ax(B)
B8
_/0 dr [GZ(T)dk(T) +wrar(T)ak(T)

= Jk(T)ak(r) — ai(T)jr(7)] -

Obviously, the integral in (43) is of Gaussian type. There-
fore, it can be calculated by means of the stationary-phase
method as will be shown in detail in Sect. 4.

The exact partition functions can be obtained from
the generating functional in (42) by setting the external
sources to be zero:

(44)

Z=2[5", (45)

j*=j=0"
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In particular, the generating functional is much useful to
compute the finite-temperature Green functions. For sim-
plicity, we take the two-point Green function as an example
to show this point. In many-body theory, the Green func-
tion usually is defined in the operator formalism by [21, 29]

Gu(ri, ) = 5T {e PR T(an(r)al ()]}

=Tr {eﬁm*ﬁ)T[ﬁk(ﬁ)aﬂﬁ)]} ,  (46)

where 0 < 71,72 < 3, 2= —% In Z is the grand canonical
potential, T denotes the “time” ordering operator, a (1)
and @ (2) represent the annihilation and creation opera-
tors respectively. According to the procedure described in
(12)—(22). It is clear to see that when taking 7 and 72 at
two dividing points and applying (5) and (6), the Green
function may be expressed as a functional integral in the
coherent-state representation as follows:

Gri(m,m2) = %/D(a*a)ewza’“
X / D(a*a)an(m)a; (ra)el @) . (47)

With the aid of the generating functional defined in (42),
the above Green function may be represented as

1 6%Z[5%, 4]
Gri(m,m) == —r1— , 48
W) = ) b0’ Y
where the sings “+” and “—” belong to bosons and

fermions respectively.

3 The coherent-state representation of
thermal QCD Hamiltonian and action

To write out explicitly a path-integral expression of ther-
mal QCD in the coherent-state representation, we first
need to formulate the QCD in the coherent-state repre-
sentation, namely, to give exact expressions of the QCD
Hamiltonian and action in the coherent-state represen-
tation. For this purpose, we only need to work with
the classical fields by using some skilful treatments. Let
us start from the effective Lagrangian density of QCD
which appears in the path-integral of the zero-temperature
QCD [22, 25, 26]

e . 1
L=1 {ry“ (3,L — 1gT“AZ) — m} P — ZF““”FLIV
1

2a (49)

(61A2)* —orCDC?,
where T® = \%/2 is the color matrix, 1 and v represent the
quark fields, Az are the vector potentials of gluon fields, C'*
and C* designate the ghost fields,

FS, = 0,A%— 0, A%+ g f**°Ab A (50)
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and

D3P =50, — g f*"As, . (51)
For the sake of simplicity, we work in the Feynman gauge
(e =1). It is well-known that, in this gauge, the results
obtained from the above Lagrangian are equivalent to
those derived from the following Lagrangian, which is given
by applying the Lorentz condition 0" Aj =0 to the La-
grangian in (49):

_ 1
L= {1y (9, —igT" A7) —m} o — S8, AL A
1
_ gfabcauAgAprcu _ ZQQfabCfadeAb,u,AchzAlej
—HC*9,C + g f* O CCPAS, . (52)

Here it is noted that the application of the Lorentz condi-
tion only changes the form of the free part of the gluon La-
grangian, remaining the interaction part of the Lagrangian
in (49) formally unchanged. The above Lagrangian is writ-
ten in the Minkowski metric where the y-matrix is defined
as o = [ and v = fa [26]. In the following, it is convenient
to represent the Lagrangian in the Euclidean metric with
the imaginary time 7 = it where ¢ is the real time.

Since the path-integral in (42) is established in the
first order (or say, Hamiltonian) formalism, to perform
the path-integral quantization of thermal QCD in the
coherent-state representation, we need to recast the above
Lagrangian in the first order form. In doing this, it is neces-
sary to introduce canonical conjugate momentum densities

which are defined by [26, 30]

_ _ 0 __ s+
Hw 88t1/) Mpﬂy Mp ’
Yoo
a oL a abc Ab fgc
n T 90, An —O0p AL+ gf AL A,
oL —a
H(l = _— = —
(aa67), ="
—a oL
I = — = —-0,C¢ + abcchc , 53
(aatc >L T )

where the subscripts R and L mark the right- and left-
derivatives with respect to the real time respectively. With
the above momentum densities, the Lagrangian in (52) can
be represented as

L= I,0up+IT"9, A% + I1°9,C* + 0,C TT —H, (54)
where
H=Ho+Hr1 (55)
is the Hamiltonian density in which
7 1 a\2 1 av72 Aa
Ho=¢(y-V+m)y+ §(Hu) — §A#V A
— II°TT" + C*V2C® (56)
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is the free Hamiltonian density and
Hi = igyTy, Al + g f**° (LTS AS + 0, A% AS) AY,
l aoc paae c € c €
- Zng b f d AZAZ (AZA5 — ATAT)

+g e (U1 A5 — 0,0 A5) C° (57)
is the interaction Hamiltonian density and the Latin let-
ter ¢ denotes the spatial index. The above Hamiltonian
density is written in the Euclidean metric for later conve-
nience. The matrix «y,, in this metric is defined by v, =
and v = —ifa [30]. It should be noted that the conjugate
quantities I7* and TI" for the ghost fields are respectively
defined by the right-derivative and the left one as shown in
(53) because only in this way one can get correct results.
This unusual definition originates from the peculiar prop-
erty of the ghost fields which are scalar fields, but subject
to the commutation rule of a Grassmann algebra.

In order to derive an expression of the thermal QCD in
the coherent-state representation, one should employ the
Fourier transformations for the canonical variables of the
QCD which are listed below. For the quark field [26, 30],

3
b(x,7) = / (;ﬁ {“s(p)bs(p, 7)elPx

() (w)eiﬂ (58)
3
Txr) = [ s [ )
+7°(p)ds (p, T)eipx] , (59)

where u®(p) and v®(p) are the spinor wave functions
satisfying the normalization conditions u**(p)u®(p) =
vt (p)v*(p) = 1, bs(p, 7) and b}(p,T) are the eigenvalues
of the quark annihilation and creation operators bs(p, 7)
and b} (p, ) which are defined in the Heisenberg picture,
ds(p,7) and d%(p,T) are the corresponding ones for anti-
quarks. For the gluon field [26, 30],

. _ d’k 1,
A#(X’T)_/WT(I{)EH(I()
« asle et gl o).
(60)

A

where ¢ M

(k) is the polarization vector and

3 w
Hﬁ(xm)zi/% (Tk)sg(k)
X [ai(k, T)eikx—af\*(k, T)eikx] , (61)

which follows from the definition in (53) and is consistent
with the Fourier representation of free fields. In the above,
a§ (k, 7) and a§* (k, 7) are the eigenvalues of the gluon anni-
hilation and creation operators a5 (k, ) and @5* (k, 7). For
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the ghost field, we have

—a d3q 1
C (X,T):/'(%)g/z 20(Q)

and furthermore, set o = (k, ¢, A, 0) and

x%&w%m+i@ﬂem}(@)

crsn= [

X

27)3/2

d3q

1

2w(q)

cq(q, 7')eiqx +¢(q, T)e*iqx

. -d3 w
) =1 / (2@3/2 %

cala, T)e |, (64)

X Ea(q, T)eiqx -

and
—a [ d’q [w(q)
I (X,T)zl/rw)g/2 —
X [ca(q, T)el ™ — ¢ (q, T)eiqx} , (65)

where ¢,(q, 7) and ¢’ (q, 7) are the eigenvalues of the ghost
particle annihilation and creation operators ¢,(q,7) and
¢ (q,7) and ¢,(q,7) and ¢:(q, 7) are the ones for antighost
particles.

For simplifying the expressions of the Hamiltonian and
action of the thermal QCD, it is convenient to use abbrevi-
ation notations. Define

b(p,7) = {Z((p?) jﬁij} (66)

)73/ 2y if6 =
Wi = {50 e = e

and furthermore, set a = (p, s, 6) and
S =% [ (63
a s6

equations (58) and (59) may be represented as

7) =Y Waba(r)eP,

T) =) Wab(r)e P, (69)
Similarly, when we define
c as(k,7), if6=+,
ase(k,7) = {a‘i\*((k, T)), i = _,} (70)

A (k) = (2m) 72 (2w(k)) "2 (K),
5 (k) =1 (2m) (@) /2] e (k) (71)

Y=Y [ (72)
o cAd
equations (60) and (61) can be written as
T)= Z Alaq (T)el%x,
I (x,7) Zﬂaaa Yelfkx (73)
For the ghost fields, if we define
() _ Ea(qv’r)v 1f9:+7
an={Zan wo" ()
Go(q) = (2m) =2 [2w(q)] 712,
My(q) =i’ (2m)~* 2 [w(q)/2]"/?, (75)
and furthermore set a = (q, a, ) and
d=> / d’q; (76)
«a ab
then (62)—(65) will be expressed as
7) = Gaca(r)e??,
7) =Y Gach(r)e 0o,
7) =Y Haca(r)e"™,
S0, (77)

T (x T)= ZHQCZ(T)e

Upon substituting (69), (73) and (77
(57), it is not difficult to get

and

= / d*zHo(z)

= Ze eabl (7

—|—E walh (T)ca
«@

T) :/dgx’HI(x)

= Z A(afBy)b;,(T)bg(T)a~ (1)

afy

) into (56) and

E Walr,

+>_ B(apy)aa(r)ag(r)ay(r)

afy

+ Y Clapyd)aa(r)as(T)ay(1)as(7)

afByé

+Y_ D(apy)eh(r)es

aBy

(T)ay (1), (79)
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which are the QCD Hamiltonian given in the coherent-
state representation. In (78), the first, second and third
terms are the free Hamiltonians for quarks, gluons and
ghost particles respectively where 6, =0, ¢, = (p? +
m?)1/2 is the quark energy, w, = |k| is the energy for
a gluon or a ghost particle. In (79), the first term is the
interaction Hamiltonian between quarks and gluons, the
second and third terms are the interaction Hamiltonian
among gluons and the fourth term represents the interac-
tion Hamiltonian between ghost particles and gluons. The
coefficient functions in (79) are defined as follows:

A(a) = ig(27)5 (Baba — 05pa — 0,k

0 a 0 aX
X W oo (Pa) T Wl (Ps) Ay (ky ), (80)
B(aBy) =ig(2m)*6* (0o ka + 05ks + 0, k)
abe ala cA
x gt e (ka) A%y (k)
a AAAq cA bA
0k ATy (ka) ALY (k)| AL (kg),  (81)
1
C(afyd) = —192(2w)353(9aka +0sks +0,k, +0,k,)
X fote e Al (o) Ay (o)
cA edo cA elo
x [ ASor () A7 () — Sy (i) AZpe (k)|
(82)
and

D(apBy) =ig(27)?6° (ada — 0sas — 0,k,) f**°G§ (aa)

% [hs(as) A5 (k) — 0k G (as) A5y (k)
(83)

It is emphasized that the expressions in (78) and (79)
are just the Hamiltonian of QCD appearing in the path-
integral as shown in (42), where all the creation and anni-
hilation operators in the Hamiltonian (which are written in
a normal product) are replaced by their eigenvalues.

To write the path-integral of thermal QCD, we need
also an expression for the action S given in the coherent-
state representation. This action can be obtained by using
the Lagrangian density shown in (54). By partial integra-
tion and considering the following boundary conditions of
the fields [20-22]:

¥(x,0) =¥(x), P(x,0) =1(x),
"/}(X7 /6) = _w(x)v E(Xv ﬁ) = —ZZJ(X)’ (84)
Aj(x,0) = Aj(x, 8) = AL (x),
Hli(x, 0)= Hﬁ(x, )= Hﬁ(x) (85)
and
C*(x,0)=C"(x,8) = C"(x),
C%(x,0)=C%x,8) = C*(x),
I'(x,0) =T"(x,8) = T" (x),
11%(x,0) = 1I*(x, B) = II*(x); (86)
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the action given by the Lagrangian density in (54) can be
represented in the form

S = /dT/d3

4= [H;(x, ) Ac

[Tk, TP (%, T) — U (x, ) (%, T)]

(x,7)— Hﬁ (%, 7) AL (x, 7')]

2 H
+ % [Ha(x7 T)Ca (Xv T) - Ha(x7 T)Ca (Xv T)

+6a (%, 7)o (%,7) = Ca(x, T)ﬁa X, T

where the first relation in (53) has been used, and the sym-
bol “” in 9(x, 7), Af,(x,7) - - - now denotes the derivatives
of the fields with respect to the imaginary time 7. It is
stressed here that only the above expression is appropri-
ate to use for deriving the coherent-state representation of
the action by making use of the Fourier expansions writ-
ten in (58)—(65). On inserting (58)—(65) into (87), it is not
difficult to get

/ dT{ / a3k b* k, 7)bs(k, 7) — b (k, 7)bs (K, T)
+35 [d; (k, 7)ds (k, 7) — d* (k, 7)d, (k, T)]
5 X (k, m)a3 (k, 7) — a5’ (k, 7)ai (k, 7)]
17, _ e _
5 [0 )2k 7) 2 (k, rYea (i, 7)
—ca(k, 7)ea(k, )+ ¢k, e (K, 7)) H(T)}

:_SEa

+
+
(88)

where H(7) is given by the sum of the Hamiltonians in
(78) and (79) and Sy, is the action defined in the Euclidean
metric. It is noted that if one considers a grand canonical
ensemble of QCD, the Hamiltonian in (88) should be re-
placed by K (7) defined in (2). Employing the abbreviation
notation as denoted in (66), (70) and (74) and letting ¢,
stand for (aq, ba, Cq ), the action may be compactly repre-
sented as

B
5o :/ch{zé[qzmoqam—qzz(T)oqa(T)HH(T)},

[e%

where we have defined

g oqa =y ao+ +b5bo + 00 - (90)

It is emphasized that the 6, = + is now contained in the
subscript a. Therefore, each o may take the value a™
and/or a” as the first term in (90) does.
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4 Generating functional of Green functions
for thermal QCD

With the action Sg given in the preceding section, the
quantization of the thermal QCD in the coherent-state rep-
resentation is easily implemented by writing out its gen-
erating functional of thermal Green functions. According
to the general formula shown in (42), the QCD generating
functional can be formulated as

/Dq qe"q/’Dq qexp [q(ﬂ) a(B)
~°(0)-4(0)] - sE+/O drj*(r)-a(r)}, (1)

where we have defined

1
q - q:§aaaa+6 bhba +ChCa (92)
and
37 q= €00+ 0a(Miba + 0500 + Coca +c5Ca)  (93)

here &,,n, and (, are the sources for gluons, quarks and
ghost particles respectively and the repeated index implies
summation. It is noted that the product ¢* - ¢ defined above
is different from the ¢* o g, defined in (90) in the terms for
quarks and ghost particles and the subscript « in (92) and
(93) is also defined by containing 6, = +. In what follows,
we assign a® to represent the a with 6, = +. According to
this notation, the sources in (93) are specifically defined as
follows:

ot =&a, € =&,
Nat = Novs Na— = N
Ca"" :Cou Ca— :Cav

where the subscript « on the right hand side of each
equality no longer contains 6, and the gluon term in (92)
(1/2)a}aq may be replaced by a,-a,+. The integration
measures D(g*q) and D(q*q) are defined as in (24) and
(25).

The generating functional in (91) is nonperturbative.
Now we are interested in describing the perturbation
method of calculating the QCD generating functional.
Since the Hamiltonian can be split into two parts Ho(T)
and Hi(7) as shown in (78) and (79), the generating func-
tional in (91) may be perturbatively represented in the

form
Z[j] = exp {— / " armn ( 5].(27)) } 2], (95)

where Z°[j] is the generating functional for the free system
and the exponential may be expanded in a Taylor series.
In the above, the commutativity between Hy and Z°[j] has
been cons1dered Obviously, the Z°[j] can be written as

(94)

2°0j] = Z4[61 23 221¢] (96)
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where Z)[£], Z0[n] and Z2[(] are the generating functionals
contributed from the free Hamiltonians of gluons, quarks
and ghost particles respectively. They are separately and
specifically described below.

In view of the expressions in (91), (88) and (78), the
generating functional ZJ[¢] is of the form

/Daaexp{ /dka,\ Jax( )}

/ D(a*a)exp (I, (a5, ax: €5, 60}, (97)

where

a)\a a)ug)\)é.A)

/ Pl (a5 (k, Bax (, ) + a} (k, 0)ax (k, 0)]

/ o for

(k)ax (k, T)ax( ,T)

a kv T)d)\ (k, T) - a’; (kv T)a)\ (k7 T)]

—@(k max(k,7) — a3 (k, 7k, 7) } (98)
and
H —daj (k)day(k),
D(a*a) = H ;da}(k, m)dax(k,T). (99)

kAT

The subscript A in the above is now assigned to denote
polarization and color. When we perform a partial integra-
tion, (98) becomes

Ig(a}, ax; €3, €0)

= / d*ka (k, B)ax(k
+w(k)a} (k, 7)ax(k, T)
—ai(k, )k, 7) -

B

dT/dsk a}(k, 7)ax(k,7)
0

k,T)a)\

(100)

For the generating functional Z_[n], we can write

= / D(b*bd*d)

X exp {— / d®k [b% (k)b (k) +d’;(k)ds(k)]}

x / D(bbd*d) exp I, (b7, bey d* dui s e, 0T}

(101)
where
Iy (03, bs, A%, ds; 0%, 15, g5 T)
= [ b0 b1 ) + 0 ) (. 5)
+b%(k,0)bs(k,0) +di (k,0)ds (k, 0)]
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/'dT/d3 3 0206, 7)b, (0 7) — 5 6, b, )
+5 L [0, 7)d (1, 7) — di (O, 7)d (k, )]

+e(l) [b; (k, 7)bs (k, 7) + d (k, 7)ds (k, 7)]

=[5 (e, 7)bs (k, 7) + b (k, 7 (k, 7) 4775 (K, 7)ds (k, 7)

+d2 (k, 7).k, 7] } (102)
and
D(b*bd*d) Hdb* k)dd* (k)dd, (k),
D(b*bd*d) = Hdb; k, 7)db, (k, 7)dd? (k, 7)dd, (k, 7) ,

kst
(103)

in which the subscript s stands for spin, color and flavor.
By a partial integration over 7, (102) may be given a sim-
pler expression:

I (b* bSvds,dsvn:,ns,ﬁ:vﬁs)
=/&H&mﬁmmﬁhwﬂhma&ﬁﬂ

B . .
- / dr / d%{b;f(k, b (k, 7) + d* (k, 7)ds (k, 7)
0
+e(k) [0} (k, 7)bs (k, 7) + d5 (k, 7)ds (K, 7))
- [77: (k7 T)bs (ka T) + b: (k7 7')77s (k7 T) + ﬁ: (ka T)ds (k7 T)
+dy(k, 7Yk, 7] . (104)

As for the generating functional Z°[¢], we have

:/D(E*Ecc*)
xexp{—/d3k[ (k)ca(k)—c;(k)ca(k)]}
x/’D(E*Ecc*) exp{IC (¢h»CarChya; Gy QZZ,Za)} ’
(105)
where
10(027Caa5275a;4;aCa:ZZ’Za)
=/&%H¢&ﬁﬁ4mm—@&ﬂWAhm
cr(k,0)c, (k, 0)—c (k,0)caq(k,0)]
/ d’l‘/d3
2[ cr(k,m)éq(k, ) —
+w(k)[ *(k, 7)Ca(k, 7) — i (K, T)ca(
— Gk, T)ca(k, ) + ¢4 (k, 7)Ca (K, 7)
—I-(a(k 7)ok, 7) + ¢ (k, )¢, (k, T ]}

e (k, 7)ea(k, 7) — s (k, 7)Ca (k, 7)]

a(k, 7)ca(k T)]
k, T)]

(106)
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and
(c*ecc” Hdc k)de, (k)de, (k)dck (k),
D (¢ cec’) = Hdca k, 7)dzq (k, 7)de, (k, 7)des (k, 7)

kat

(107)

in which the subscript a is a color index. After a partial
integration, (106) is reduced to

Cav Caycav Ca; Cav Ca,Ca,C )
/f e (k, ) — ¢ (k, B)ca (k, 5)]

[ojo

+w(k)[e; (k, 7)ea(k, 7) — 5 (k,

*(k, 7)Ca(k, T) —

r)ea(k,7)]
— (G2 (el 7) 4 i (O, T)Ca (K, 7)
+ Gl ), 7) + 206, ), 0 7))

Here it is noted that all the terms related to the quantities
¢} and ¢, are opposite in sign to the terms related to the ¢,
and ¢, and, correspondingly, the definitions of the integra-
tion measures for these quantities, as shown in (107), are
different from each other in the order of the differentials.

The generating functionals in (97), (101) and (105) are
all of Gaussian type; therefore, they can exactly be calcu-
lated by the stationary-phase method. First, we calculate
the functional integral Z0[¢]. According to the stationary-
phase method, the functional Zg [€] can be represented in
the form

= /D(a*a)

X exp {—/di)’k[ai(k)a,\(k) —I—Ig(af\, ax; ff\,fx)]} ,
(109)

ca(k, 7)a(k, 7)

(108)

where Ig(aj, ax; &3, &) is given by the stationary condition
dI4(a%, ax; €%, &) = 0. By this condition and the boundary
condition [20-22],

ay(k, 8) = ax(k),

one may derive from (98) or (100) the following inhomoge-
neous equations of motion [23-26]:

ax(k, 7) +w(k)ax(k, ) =
a(k, 7) —w(k)aj (k,

a,\(k,O):a,\(k), (110)

&k, 1),
) =—&(k, 7).

In accordance with the general method of solving such
a kind of equations, one may first solve the homogeneous
linear equations as written in (33). Based on the solu-
tions shown in (34) and the boundary condition denoted in
(110), one may assume [23—26]

(111)

ax(k, 7) = [ax(k) +ur(k, T)]efw(k)T,

ax(k,7) = [a}‘\ (k) +u3 (k, T)] e ®(7=0) (112)
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where the unknown functions u (k, 7) and u} (k, 7) are re-
quired to satisfy the boundary conditions [23—26]:

uxr(k,0) = uxr(k, 3) = u3(k,0) =u}(k,03) =0.

(113)
Inserting (112) into (111), we find
ax(1) = &k, T)e“’(k)T.
w3 (1) = =& (k, 7)e ) E=T), (114)

Integrating these two equations and applying the bound-
ary conditions in (113), one can get

U)\(k,T)Z/ dr'e* 7 e, (k,7'),
0
uj(k,7) = — / dr'e?=ex (k7). (115)
B
Substitution of these solutions in (112) yields [23—26]

ax(k, 7) = ax(k)e ™7 4 / drle Mg, (k,7'),

a3 (k,7) = a3 ()e= (70 / dr'e09 =g (I, /).

(116)
When (116) is inserted into (98) or (100), one may obtain
the I (aX, ax; £, £x) which leads to another expression of

(109) like this

Zg[€)

/D a*a eXp{ /d3 a} (K)ax (k) (1 —e Pk

~ a3 (k)e P / dre197¢, (k,7)
0

B B B
_/ dTe_W(k)‘rf;‘\(k, T)a,\(k)} —I—/ dTl/ dm
0 0 0

x / d*kE5 (k, 71)0(r1 — 72)e w1 (K, TQ)}.

(117)
When we set
A=1-— e*ﬁw(k),
B
b=e Pl / dre*®7¢, (k, 7),
0
B8
flo)= [ e g na, )
0

by employing the formula denoted in (37), the integral over
a} (k) and ay (k) in (117) can easily be calculated. The re-
sult is
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e exp{ /ﬁdﬁ/oﬁdrg

/d3k§ (k, 1 A)\)\/(k 1 — )§ (k TQ)}
(119)

where

zy=I1[1-e®®] =TI —e*wk)}“*
(120)

is precisely the partition function contributed from the free
gluons [21-24,29] and
g’&/ (k, T1 — 7'2) = g)\)\,éaa Ag(k, T1 —

7'2) s (121)

where

-1
(122)

is the free gluon propagator given in the Feynman gauge
and in the Minkowski metric (note that in Euclidean met-
ric, gax — —0xn ). In (119), the color index a has been
explicitly written out and the A now merely designates the
polarization index. In the other expressions, we still use A
to mark the indices of both color and polarization for sim-
plicity. When we interchange the integration variables 11
and 72 and make a transformation k — —k in (119), by con-
sidering the relation

ff\ (k’ T) = §>\(—k, T) )

which will be interpreted in the appendix, one may find
that the propagator in (122) can be represented in the form

(123)

Ag(k7 T — 7'2) :% [ﬁb(k)e—w(k)\n—m\ _ nb(k)ew(k)\q—l—-@q :
(124)
where
1 -~
(k) = (1= #00) (i) = (1-e%0)
(125)

are just the boson distribution functions [20—23, 29].
Let us turn to the calculation of the functional integral
n (101). Based on the stationary-phase method, we can

write
- / D(b*bd*d)

X exp {— / 4k [b7 (k)bs (k) +d§(k)ds(k)]}
XeXP{IO(b* badsvds,n:anaﬁ:vﬁs)} , (126)

where Io(b* bs, d%, ds; 0¥, ns, 7%, 7,) will be obtained from
(102) or (104) by the stationary condition §1,(b%, bs, d%, ds;
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nE,Ms, ey M) = 0. From this condition and the boundary
conditions [21-26]

b: (k7 6) = _b: (k)v bs (kv 0) =bs (k) ’

one may deduce from (102) or (104) the following
equations [23-26]:

bs(k, 7) +e(k)bs(k, 7) = ns(k, 7)

bi(k,7) —e(k)bi(k,7) = —ni(k,T),

ds(k, 7) +e(k)ds(k, 7) =7,(k, 7),

d;(k, 7) —e(k)d; (k, 1) = 77, (k, 7) (128)

Following the procedure described in (111)—(116), the solu-
tions to the above equations, which satisfies the boundary
conditions in (127) and the conditions like those in (113),
can be found to be [23—26]

bs(k,7) = bs(k)e_e(k)T +/ dT'e_e(k)(T_Tl)ns(k, 7',
0

B /
bk m) = =B [ arre i ),

() (r—7")5

ds(k,7) = dg(K)e =™ 4 / dr'e” n(k, '),
0

B i
3, 7) = ~d5 (R)e ) [ arre 0 gic 7).
! (129)

Substituting the above solutions into (102) or (104), we
find

10 (b, b, d%, sy s, 772, T,
/ @ { = 909 [ (k)b (k) -+ d (k) ds ()]

/O dre=097 [k, 7)bs (k) + 72 (k, 7)ds (k)]

B
—e 209 [ aret 07 [y, (o 7) -+ 2 09, ()]
0
+B[03,ns, 72,7, (130)

where

B[ns,ns,ns,ns

= / dTl/ dTg/d k‘ T1—T2) —e(k)(r1-72)

[773 (k7 1 )773 (k T2) + 7 (kv 1 )775 (k7 7—2)]

+0(ry — 7))
X [ (&, 72 ) (O, ) + 72 (k727 (k)] | (131)
On inserting (130) into (126), we have
200m) = Alntme )Pl (132)
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where

ns777877737ns:|

/Db* eXp{ /d3 b*

+e ek )bj(k)/ dres ™7y (k, 7)
0

B
- / dredk)w;(k,f)bs(k)}}
0

X / D(d*d) exp { - / d%[d:(k)ds(k)a e )

(k)(1 4 e~ P

B
+ e Pl g (k) / dref®7y (k,7)
0

B
—/ dTe_E(k)Tﬁ:(k, T)ds(k):| },
0

where the fact that the two integrals over {b* b} and
{d*,d} commute with each other has been noted. Obvi-
ously, each of the above integrals can easily be calculated
by applying the integration formulas shown in (39). The
result is

(133)

AnE s, M5,7s)

1 B B 3
:dexp —5/ dTl/ dTQ/d k(l—l—eﬁe(k))_1
0 0

x {em 097 [ (1, s (k, 72) + 75 (, )T (k, 7))
4 e—c(l)(r2—m1)

X [77.: (kv TZ)nS (kv Tl) + ﬁ: (k7 7—2)ﬁs (kv Tl)]}} ’ (134)

where

22 =1] [1 +e*35<k>} ’ (135)

ks

which just is the partition function contributed from free
quarks and antiquarks [21-23,29]. It is noted that the two
terms in the exponent of (134) are equal to one another
as seen from the interchange of the integration variables 7
and 72. After (131) and (134) are substituted in (132), we
get

X { |:9(T1 —T2)— (1 +eﬁs(k))_1:| e~k (T1—72)

X [77* (k’ 1 )773 (k’ 7—2) + ﬁ: (kv 1 )ﬁs (k, 7—2)]
n {9(72 -1 +eﬁ€(k))—1} o—c(K)(r2=71)
[ e ) 4 O ) ) |

(136)
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When we interchange the variables 71 and 72 and set k —  Upon substituting the above solutions into (106) or (108),
—k in the second term of the above integrals and notice the we find
relation

ﬁ: (kv T2)ﬁs(k, Tl) = n:(_k7 7—1)778(_1(7 T2) ’ (137) Ig <327 Caan;:Ea; 4;7 Ca7ZZvZa)

which will be proved in the appendix, the functional Z?[n]
will eventually be represented as / 4’k ﬁw(k) a(K)ca(k) —cj, (k)ca(k)]
0 3, _
Z [ eXp { / dTl / dTQ /d +e Bw(k) / dTew(k)T[ ( )(a (k T) —|—E*( )4a(k7 7_)]
% {775 (k,71)Aq (1= m2)ne (k,72) / dre™( €a (k, 7)ca (k) + G, (K, T)Ea(k)] }
7506, ) A (k71— ) (k)| o
—/ dry / dry /d3k9(T1 — Tz)eiw(k)(‘rlim)
(138) 0 0
where x G )Gl )~ Gl MG, )] - (145)
A;s, (k, 71 — 1) = 538,Aq(k, T —T2); (139)

On inserting the above expression into the following inte-

in which gral given by the stationary-phase method:

Ag(k,m1—T2) = % [ﬁf(k)efs(k)m*Tﬂ — nf(k)ef(k)\ﬁ*m\}

is the free quark (antiquark) propagator. In the above,
-1 -1 xexpq — [ d°Kk[c:(k)Ca (k) — ¢ (k)ca(k
ﬁf(k)=(1+e_ﬁg(k)> , nf(k)=<1+eﬁs(k)> p{ / [ alle)ealle) = cq (l)ea )]
(141) 0 S

10 (ch cas T Gy GarCarCa) (5 (146

are the fermion distribution functions [21-23, 29)]. AN arfai CarCor Car (146)

Finally, let us calculate the generating functional Z2[¢].

From the stationary condition 0I.(ct,ca,ChyCa; CEy Ca,
¢ Z, ¢,) = 0 and the boundary conditions

calk,B)=c,(k), cu(k B)=c(k), , ;
Ca(k,0) =7¢4(k), ca(k,0)=cu(k), (142) 07¢1 — 70 ex - m [
20 = 2 p{/ an [ [ @

which are the same as those for scalar fields and different

and applying the integration formulas in (39), one can get

from fermion fields [21], it is easy to derive from (106) or x {9(7—1 — 7)) —(1— eﬁw(k))—l} e~ w(k)(11—72)
(108) the following equations of motion:
all )+ () K, ) = ~Gafl 7). <[22 06, ), (e m2) — o0 )Gl )] }
éa1c7) — (e (,7) = Gk 7), i
Ca (k,7) +w(k)Za(k, 7) = (4 (k,7),
e (k,7) —w(k)es (k1) = —C(k, 7). (143)  where
By the same procedure as stated in (111)—(116), the solu-
tions to the above equations can be found to be 70— H [1 B e—ﬁw(k)} 2 (148)
ca(k, 7) = cq(k)e )T —/ dr'e wd(r=r )Ca(k, ), ka
0

(k. 1) = ¢ (k)ew®) (T—8) _/ dr! ew ) (T=7") 5 () 1/ is just the partition function arising from the free ghost
all,m) = ca (ke - e Gk, ), particles which plays the role of cancelling out the un-

B B Catior T (e ) physical contribution contained in (120). If we change the
ca(k, 7) =7Ta(k)e / dr'e Calks ') s integration variables in (147) and consider the relations

% o w( V(-8 1 w(k)(r—7")7* ’
Ca(k,T) =cC ( k / dr'e k ga(k’T ) g;(k,T) :—Za(_va)’ 4a(k77—) :_ZZ(_k’T)’
(144) (149)
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which will be interpreted in the appendix, (147) may be
recast in the form

ZS[C]:dexp{/ﬁd'rl /Bde/d3k

% [Calle )AL (I 1 = 7)o (K, 72)

— k) A (k7 — )ga’(kﬂ-?)} },
(150)

where
A (k7 —72) = 6% Ay (K, 71— T2);

here Ay(k, 7 — 72) was written in (124).

Up to the present, the perturbative expansion of the
thermal QCD generating functional in the coherent-state
representation has exactly been given by the combination
of (95), (96), (119), (138) and (150). In the derivation of
the perturbation expansion, as one has seen, to obtain the
final expressions of the propagators shown in (124), (140)
and (151), it is necessary to use the functional proper-
ties and relations for the external sources as denoted in
(123), (137) and (149). As a result of the derivation of
the generating functional, the partition function for the
free system has simultaneously been given by the combi-
nation of (120), (135) and (148). The partition function
for the interacting system can be calculated in the way as
shown in (45). Here it should be noted that the differential
§/64(T) in (95) represent the collection of the differen-
tials 0/065*(k,7), 6/0&%(k, 7), —6/0ns(k,T), §/0nk(k,T),
—5/5ﬁs(k, 7), 5/(5ﬁ;‘(_k, T), —0/6Cu(k,T), 6/0¢k(k,T),
—6/6C,(k,7) and 6/6, (k,7). Ordinarily, the generating
functional of thermal QCD represented in the position
space is used in the literature. In the appendix, it will
be shown that this generating functional can readily be
derived from the generating functional described in this
section.

(151)

5 Relativistic equation for ggq bound states

With the generating functional given in the preceding sec-
tion, we are ready to derive the relativistic equation for gg
bound states at finite temperature. It is well-known that
a bound state exists in the space-like Minkowski space in
which there always is an equal-time Lorentz frame. Since
in the equal-time frame, the relativistic equation is reduced
to a three-dimensional one without loss of any rigor, in
this section we only pay attention to the three-dimensional
equation which may be derived from the equations of mo-
tion satisfied by the following ¢g two- “time” (temperature)
four-point Green function [15-17]:

G(aB;vd;m1 —T2)
:Tr{ p- K>T{ [ n)}N[EV(TQ)E;(TQ)]}}
E<T{N[Z( )05 ( )}N{bw(m)lﬁ(m)”%, (152)
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where the symbol () 5 represents the statistical average and
N symbolizes the normal product whose definition can be
given from the corresponding definition at zero tempera-
ture by replacing the vacuum average with the statistical
average [17]

N [ba(r)B5 (72)] =T [Ba(m)B5 (72)] = Sa(r —72),
(153)

where

~

San(r1 = 72) = (T [ba(r)b (72)] >B (154)

is the quark or antiquark thermal propagator. The normal
product in (152) plays the role of excluding the contraction
between the quark and the antiquark operators from the
Green function when the quark and antiquark are of the
same flavor. Physically, this avoids the ¢g annihilation that
would break stability of a bound state. Substituting (153)
n (152), we have

SaBS'y& )
(155)

G(ap;y; 11 —m2) = G(af;v; 71— T2) —

where

G(aB;0;m —T) = <T{

~ —~ ~

b5 ()b (72)b] () })
(156)

is the ordinary Green function, and S,3 and S,s are
the equal-time quark (antiquark) propagators. Obviously,
in order to derive the equation of motion satisfied by
the Green function G(aB;vd;7m —72), we need first to
derive the equation of motion for the Green function
G(aB;v0; 11 — T2).

Let us start with the generating functional in (91). As
shown in Sect. 4, by partial integration of the second term
on the right hand side of (89), the generating functional
may be written in the form

Z/D(q*-q)e’q*'q/g(q*ﬂ)

B
X exp {q*(ﬁ) -q(B) — Sk +/0 drj* (1) -q(T)} ,
(157)

where

SE=/OdT{an oda(r)+H(T)}s (159

here H(7) was given in (78) and (79). First, we derive an
equation of motion describing the variation of the ¢g four-
point Green function with the “time” variable 7;. For this
purpose, let us differentiate the generating functional in
(157) with respect to b (7). Considering that the gener-
ating functional is independent of b} (1) and noticing the
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expressions given in (158), (78), (79) and (93), one may ob-

tain
6b* /que qq/@qq (11) — €ababa (1)
_ZAapAbp(Tl)aA(Tl)+9a77a(7—1):|
PA
xexp{ *(B8) — S — / drj*( } 0.
(159)

When the b, (71) and ax(m1) in the above are replaced by
the functional derivatives 6,9/0n%(m1) and §/0j5(m1) re-
spectively and multiplying both sides of (159) with 6,,, the
above equation can be written as

FR R
dry ong(m) " Y oni(n)

+ " 0a0,A(cp))

6 '
2 o1 (ra )33 (1) "Mﬁ)}zm =o0.

(160)

Then we differentiate the above equation with respect to
the sources ng((1), giving

(L8 ) o o
dr oz (m1) ) ona(m) % ong(m)ons(m)

53
+ 0,0, A(cp -
2O R

+dap _na(Tl)%}Z[j] =0.

(161)

Furthermore, successive differentiations of (161) with re-
spect sources 75 (72) and 7s(72) yield

4 0
d’l‘l (5772;(7'1

+04a

53
)> onp(71)0mz (12)0ms(12)
54
onz (11)0ma (11)n% (2)0ns (T2)
55
+ 0,0,A A -
200 AN s Yo (o) ) 1)
62 52
i — ) ——
8 (r)oma(ra) 22 ™) G e ()

5 o
_77&(7'1)5776(7_1)577:(7_2)5775(7_2) }Z[]] =0.

+0

(162)
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Similarly, when differentiating (157) with respect bg(71),
one may obtain

d 9 )
dr 0ng(m) pep ons (1)
5 . 0
- ;aaeﬁA(am)m —ﬂ@(Tl)}Z[J] =0,

(163)

Subsequently, on differentiating the above equation with
respect to 0 (1), we get

0 ( d 0 > 52
* I —0pep N
na (1) \dr1 6na((m1) 14 (11)6m5(T1)

53
- ; 0505 A(05A) 12, (11)0n5 (11)055 (1)

—5a,8+772(T1)5n*L(T1)}Z[J’]:0~ (164)

Finally, successive differentiations of the above equation
with respect to the sources 13 (72) and 75 (72) give rise to

1) (i 1) > 52
oz (1) \d7 dng(m1) ) 6m3(72)ns(72)
54
—0
Baﬁ5772(T1)577ﬁ(71)577$(72)5776(Tz)
55
— 0360, A A -
D T e PR e T e Y o
52 52
Y SN Y Y | S, L A—
S s () O T S )

+15(m1) (165)

R _
2, (11)0m7% (72) 675 (72) }Z[J] =0.

Adding (161) to (164), then multiplying both sides of
the equation thus obtained with —6,03 and finally setting
the external sources 7}, =ng =0, but keeping the gluon
source jy # 0, we get

d Jx
(d o + 000 — 9555) Sa,B
1)
+ (apA)dgs — A(0BA)dq TS’J?,—O
pzo; B ( ) P] 5])\(7_1) P
(166)
where
W1 5221
S = 00— 167
o8 = 777 s (11)oms (1) Ing=ng=0 (167)
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is the quark (antiquark) equal-time propagator in the pres-
ence of source jy. If we define

H(aB;po;m )i = <i +0aca — 96%) Sapdpo
d7'1

W PN 169
where
F(aB; poX) = AlapN)dss — A(0fN)0ap,  (169)
(166) can simply be represented as
> H(ap; po;m) S =0. (170)

po

When summing up both equations in (162) and (165),
then multiplying the equation thus obtained with 6,636, 05
and finally setting all the sources but jy to be zero, one may
get

(i 4+ 0pEa — 9565) G(af;v0; 11 — 1)
d’l‘l

)
. S VN
+p§,\ f(aB; poX) 5 (Tl)G(pa,wS,ﬁ T2)

= 5(7’1 —7’2) [5,375045(7'1 —’I‘g)jA _5046576(7'2 —Tl)jA] ,

(171)
where
G(aB; 785 1 — 2)7A
1 ANl
= —0,030.0
27700 Gz ()0 (1) o (72) 8116 (72) by ==
(172)
and
; 1 6% Z|j]
Sag(ri — o) = — 05— 2T
B ) = e Yo (72) b=
(173)

are respectively the ¢g two-“time” four-point thermal
Green function and the quark or antiquark thermal prop-
agator in the presence of the source jy. When the source
Jx is turned off, (172) and (173) will respectively go over
to the Green function in (156) and the propagator in (154).
It is noted that due to the restriction of the delta function,
the propagators in (171) are actually “time”-independent.
With the definition in (168), (171) may be represented as

> H(aB; po;1)> G(po; 76; 71 — 7o)
po

= —6(m1 —72)S(aB;y0) (174)

where

S(aB;70) = 0as STy — 35,573 - (175)
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Acting on both sides of (155) with the operator H(a/3;
po; 71)’x and using the equations in (170) and (174), we
find

> H(aB; pos 1) G(po; 18371 — 2)

po

=Y H(aB; po; 1) G(po; 76; 71 — m2)A
po

= —6(11 — 12)S(af; ) . (176)

This indicates that the equation of motion satisfied by the

Green function G(afB;vd; 7 — 72) formally is the same as

the one shown in (171). Therefore, in the case that the

source jy vanishes, we can write

d
(d_ + 000 — 965,8> G(af;y0; 11 —T2)

T1

= —4(11 —12)S(af;79)

- Z f(aB; poX)G(poX;vd; 11 —T2), (177)
PO
where
GpoX;0;m1 —12) = _0 G(po;8; 11 —T2)
5j;(7'1) JA=0

~

- <T{N [@(ﬁ)bi(ﬁ)%(ﬁ)} N [37(72)35{(72)} }>g
(178)

and

S(aﬁ;yé):(sagsw—(smsaé:_<[Ea6g,6$ﬂ > :
B
(179)

It is noted here that similar to the definition in (153), the

normal product N [39(71 )’l;j(n Yax(m1)] in (178) is defined
as

N [bp(r0)bE (r)a ()| = T [bp(72)b (1) ()|~ A(po),
(180)

where

A(po) = (T [By(r)bs (r)ar(m)]) - (18)

Substituting (153) and (180) into (178), we have

G(poA;v0; 11 —12) = G(poA;vd; 11 — T2) — A(pa)\)SZ(;, )
182

where
G(poX;vd; 11— T2)
- <T {Zp(n)zj (1)@ (m )37(72)3(;(72)}% (183)

is the ordinary five-point thermal Green function including
a gluon operator in it.
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By the argument as mentioned in the appendix (see
(A.9) or (A.18)), it is easy to prove that the Green func-
tions G(aB;v0; 1 —72) and G(poX;yd; T —T2) are peri-
odic. Therefore, we have the following Fourier expansions:

G(aB;nosT) = % Z G(aB;d;wn)e T,

G(poA;~d; 1)

ZQ PON; Y05 wy e wnT | (184)

where 7 =71 — ™ and w, = 2”7" Upon inserting (184) into

(177) and performing the integration % f f] 3 drel“r” we ar-
rive at

(iwp, —baca +05e3)G(af; v0; wy)
= —S(aB;v0)+ > _ f(aB; poX)G(poX; v6;wn) .

PO
(185)

It is well-known that the Green function G(poX;vd;wn)
is B-S (two-particle) reducible [15—17]. Therefore, we can
write

> f(@B; poA)G(poX; 73 wn)

ATp

=Y K(afB; pv;wn)G (v ¥6; wn) (186)

where K (af3; uv; wy,) is called the interaction kernel. Thus,
(185) can be written in a closed form

(iwp, — baea +05e3)G (af; 0 wp)
=—S(a;v0) + Y K(af; pw;wn)G(uv; ¥6;wn) -

nZ

(187)

Now, let us turn to the equation satisfied by ¢g bound
states. This equation can be derived from (187) with the
aid of the following Lehmann representation of the four-
point Green function, which may be derived by expanding
the time-ordered product in (152) and then inserting the
complete set of gg bound states into (152) [15-17,31],

G(aB;vo;wi)

_ 1 ,39 Xnm(aﬁ)an(’st) Xnm('yé)an(aﬂ)

1 ZAM{ - o }
(188)

where

Xam(@8) = (m |N [baBF] 1) | (189)
which is the transition amplitude from the state with en-
ergy E, to the state with energy F,,, and where
~BEm

App =e PP e (190)
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Upon substituting (188) into (187) and then taking the
limit: limj, - By, (i — Enm), we get the following equa-
tion satisfied by the transition amplitude:

(Enm —baca + GBEQ)Xnm(aﬁ)
= ZK(aﬁ;75; Erm)Xnm(Y9) (191)
Yo

where the fact that the function S(a/3;+d) has no bound
state poles has been considered. If we take | m) to be
the Vacuum state |0) and set E = E, and x,(af) =

&‘Nbb

(B —Oaka+0pe)xn(aB) = Y K(aB;70; E)xn(79) ,
Yo

, we can write from the above equation

(192)

where the subscript n in E,, has been suppressed. This just
is the equation satisfied by the ¢g bound states at finite
temperature.

Since the index o contains 0, = %, (192) actually is
a set of coupled equations for the amplitudes x,(a™37),
Xn(a™B1), xn(atB1) and x,(a” B7). Following the pro-
cedure described in [16] and [17], one may reduce the above
equation to an equivalent equation satisfied by the ampli-
tude of positive energy. We do not repeat the derivation
here. We only show the result, as follows:

[E—e(ka) —e(kp)|to(af; ) = > V(ap;78; E)¢(v5; E)
Yo
(193)

where ¥(a3; E) = xn(a™7) and V(aB;~vd; E) is the in-
teraction Hamiltonian which can be expressed as

V(apiys; E) =Y V™ (aB;15; E), (194)
n=0
in which
VO (aB;70; B) = Ky (a6 E),  (195)
vV (aB; 0 E)
f(++d>aﬁ7ﬂaAE)K%b++(PU§75LE)
ab;+ %‘: —ae(k,) —be(ks) ’
(196)
VEOBaGE)= > > D).

ab#++ cd#++ po pv
K yav(af; po; BE) Kaped(po; w; B)Keay 1 (uv; 70; E)

(E —ace(ky) —be(ko))(E — ce(ky) — de(ky)) 7
...... (197)
here a,b =+, and

Kitii(af;v0; B) = K(a" 759767 B),

K (af;v6;E)=K(a~ /3+7’)’ 6 E),

K+—+—(aﬁ;75;E)=K(a+ﬁ+ 6t E),

K_ i (aB;yd; E)=K(a™ 875770 E). (198)
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6 Closed expression of the interaction kernel
in the equation for gg bound states

This section is devoted to deriving a closed expression
for the interaction kernel appearing in (192) and de-
fined in (186). For this derivation, we need equations of
motion which describe evolution of the Green functions
G(aB;v0;m1 —12) and G(aBo;vd; 71 —12) with time 7o.
Taking the derivatives of the generating functional in (157)
with respect to b (72) and bs(72) respectively, by the same
procedure as described in the derivation of (160), one may
obtain

4 0 + 6. 0
drs 6nz(72) K V&?’]:‘;(TQ)
2

+§)\:979pA(’yp)\)m - ﬂw(Tz)}Z[j] =0.

(199)

and

i 0 —Os¢ 0
drs ons(r2) 0 one(72)

& . 1
— ;egegA(U(S)\)m _775 (TQ)}Z[J] - O °

(200)

Performing differentiations of (199) and (200) with re-
spect to the sources 7s5(2) and n;(72) respectively, we
get

(£t ) b g B
dry onz(12) ) ons(r2) 77 0mp (72)0ns (12)

53
+ Y 0,0,A(vypA -
2 A S )

6351y (72)3 (201)

and

§ (i § )-95 §
5 (r2) \drz 0ms(12) ) ° 61z (72) 0118 (72)

53
- 050, A(cd)\ -
2 Ouba Ao s o)

5 L
77(72)}2[11 =0.

onx

8,5+ (72) (202)

Furthermore, by successively differentiating (201) and
(202) with respect to the sources n},(m1) and ng(r1), one
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obtains

2 ( a4 > 5
ona(m1)ong(m1) \dre 0n3(72) J 6ns(72)
54

7 6m (11)0ma (1) 0n7% (2)dns (72)
65

+ 0,0\ A(vpA -

2RO e S oy o )97 )
52 52

PN N /oS, S —
)t T ) S e e )

+0.,¢

+

5 o
ARy }ZM - 209

and

e (am )
onz (11)0ng(T1)om3 (12) \ d72 dns(T2)
54

5€6 5 "
on (11)0ma (11) 877 (12)n6s (72)
55
— 050, A(cd\ -
DI R T Co e e o e e
5?2 52
P SR Y S | S, S —
S (r)ons(r2) (n T2)577fy(7'2)577,8(7'1)
53
+n; (T Z[j] =0.
) et yans )b (7a) | 7V

-0

(204)

Let us sum up (201) and (202) at first, then multiply
both sides of the equation thus obtained with —6,6s and
finally set all the sources but the source j) to vanish. By
these operations, we get

> H(v8; po; 1) S3y =0,

po

(205)

where
_ , d
H(v0; po; o) = (— + 0,6, — 9555) 0050
dTQ

0
- z)\: f(pa)‘a 75) 5]; (7_2)

(206)

in which
flpoA;vd) = A(odA)d, —

A(pX))dso = — (785 poX)
(207)

and S73 was defined in (167).

When we sum up (203) and (204), then multiply both
sides of the equation thus obtained with 6,6030,05 and fi-
nally set all the sources but the source jy to be zero, ac-
cording to the definitions in (172) and (173), it is found
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that
> H(8; poy 12 G 70 71 — 7o)

po
== 5(71 —T2)[5a557ﬁ(72 —T1)j>‘ —(5@75&5(7'1 —Tg)b‘] .

(208)

In order to derive the equation of motion satisfied by
the Green function G(A7o;vd; 71 — 72) defined in (183), we
may take the derivative of (208) with respect to j3(71). In
this way, we get

> H(15; po; m2) A G(aBX; 465 71 — 7))

po
= 8(r1 = 72) [Jas A(vBp; 72— T1)> = 6y Aladp; 1 —72)A ]
(209)
where
. S A
. _ IN — _ IX
A(yBp; T2 —T1) 5j;(ﬁ)576(72 ), (210)
, P ,
e VA — . Via
Aadp; T —T2) 6j§(7—1)5a5(7—1 T2) (211)
and

G(af;v0; 1 — 1)’ .
(212)

d
G(Oé,@)\, /757 T — T2) = 5]* (7_1)
A

__Acting on (155) and (182) with the operator
H(~6; po; 2) and employing (205), we find

> H(v8; pos 1) G (s pos 71 — 7a)

po
=Y H(y8; po; 12) A G(af; poy 1 — m2)(213)
po
and
Z H(v8; po; 72)> G(aBX; pos 71 — 72)7
po
=Y H(5; p05 1) G(afid; po 1 — 7o) (214)

po

The above two equalities further indicate that the equa-

tions of motion satisfied by the Green functions G(ag; po; 71 —

72)9 and G(aB); po; 1 — T2)’A are formally the same as
those for the ordinary Green functions G(af;po;T —
72)9% and G(aB\; po; 71 — T2)?A respectively. Upon insert-
ing (208) into (213) and (209) into (214) and turning off
the source j, noticing the definition in (206), we derive the
following equations:

d
(d_7'2 +0,e,— 9565) G(aB;v0; 11— T2)
=0(11 —72)[0a5S8(T2 — T1) — 08y Sas(T1 — T2)]

+ Z G(aB; A\ro; 1 — 1) f(ATo;v0) (215)

ATo
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and

d

(d— + 0,6y — 0565) G(aBp;v0; 11 —T2)
T

=0(11 —72) [0as A(¥Bp; T2 — T1) — Oy A(adp; 71 — T2)]

+Y_G(aBp; Aros T — 1) f(AMo;76) (216)

ATo

where some indices have been changed for convenience:
A2 —m1) = (T [By(mB5 (n)ap(m)] )

A(abp; 11 —T2) = <T [Iga(Tl)/gg(TZ)ap(Tl)} >B )
(217)

which are given by (210) and (211) on setting j =0, and

G(\Tp;ydo; T — T2)

2 .
= (7 {N [Bam)BE (7 ()| N B ()b (Yo ()| )

(218)

is the six-point Green function including two gluon opera-
tors in it. According to the definition in (180), we have

G(ATp;vdo; T — 12) = G(ATp; ¥d0; 71 — T2)

— A(Atp)A(véo), (219)

where

G(Atp;ydo; 11 — T2)

= (7 [ (r)b (g ()b, ()5 () ()] )
(220)

is the ordinary six-point Green function. It should be noted
that due to the restriction of the delta function, the terms
in the brackets on the right hand sides of (215) and (216)
actually are “time”-independent.

It is easy to see that the Green functions G(a8; Ato; 71 —
72) and G(Arp;ydo; T —T2), as the Green functions
G(aB;vd;m1 —12) and G(aBp;vd; 71 —T2), are periodic.
Therefore, by the Fourier transformation, i.e. by the in-
tegration foﬁ drel“n™ noticing d/dms = —d/dr, (215) and
(216) will be transformed to

(iwn +0yey = O525)G (f; 765 wn)
= S(af;v0)+ Z G(aB; Ato;wy) f(ATo;79),

ATo

(221)
where S(af;vd) was defined in (179) and
(iwn + 016 — 5e5)G (Bp; ¥6; wn)
= R(aBp;v0)+ Y G(afp; Aroswn) f(\ra;70)

ATOo

(222)
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where
R(aBp; ¥6) = bas A(vBp) — 03, A(dp)
%[m;,az;} ap> L (223
- B8

which is “time”-independent.

Now we are ready to derive the interaction kernel. Act-
ing on both sides of (186) with (iw, + 0,y —605es5) and
using (221) and (222), one gets

> K(of; p;wn) S (uv; 76)
uv

=Y f(aB; Arp) R(ATp; 70)

ATp

+Y > flaB Arp)g(

ATp €no

=D > K(af; p;wn)G(aB; éno;wn) f (Aro;76) .

Ky Eno

AT p; Enos wy) f(Eno; vd)

(224)

Operating on both sides of (186) with the inverse of
G(uv;yd;wy), we have

K(aB;70;wn)

=Y flaB;Ap)G(

¥6 Ato

ATp; v wi )G (s v wy) -

(225)

Upon substituting (225) onto the right hand side of (224)
and acting on (224) with the inverse S~ (uv;~§), we even-
tually arrive at

K(aB;70; E)

=Y <> flap;amp)R

uv ATp

+Y > flaB;Ap)S(

ATp €no

=222 flaBixrp)g

ATp €no ks w0
xG~(rs; w0; E)G(70; Eno; E) f (€no; pv) }
x S~ (uv;790)

(ATp; pv)
ATp;§no; E) f(§no; pv)

(ATp; k5 E)

(226)

where w,, has been replaced by E. This just is the wanted
closed expression of the interaction kernel appearing in
(192). In accordance with (186), the last term in (226) can
be written in the form

> 3> K(aB; po; E)G(po; én; E)
po E&n v

X K (&n; pv; B)S ™ (s v8) - (227)
which exhibits a typical B-S reducible structure [17].
Therefore, the last term in (226) plays the role of can-

celling the B-S reducible part contained in the other terms
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n (226) to make the kernel to be B-S irreducible. If we
use the above expression in place of the last term in (226)
and acting on (226) with S(vd; uv), we obtain from (226)
an integral equation satisfied by the kernel K (a3;vd; E).
Define

R(af;0) = flaB; Arp)R(ATp;v8)  (228)
ATp
and
QaB;76) => > f(aB; Arp)G(Arp; Eno; E) f(Enos v9),

ATp Eno
(229)

the integral equation can be written in the matrix form as
follows:
KS=R+Q—-K(GK. (230)
For comparison with the kernel in (226) and for conve-
nience of nonperturbative investigations, we would like to
show the corresponding closed expression given in the pos-
ition space without giving derivation. This kernel can be
obtained from the kernel in (226) by making use of the in-
verse of the Fourier transformations written in Sect. 3 or
derived from the generating functional represented in the
position space (see appendix ) by completely following the
procedure as described in this section. The kernel is repre-
sented as follows:

K(x1,x2;y1,y2; E)
= / d321d322{R(X17X2; Z1, Zg) + Q(XLXQ; Z1,%Z9; E)
E)}S™

R(x1,X2; 21, 22), Q(X1,X2; Z, 22; F) and D(x1,X2; 21, 22; E)
will now be described:

(231)

—D(x1,X2; 21, Z2; Y(21,22;y1,¥2) ;

2
R(x1,X2;21,22) = 3 QPHRY* (x4, %2321, 22)

i=1

(232)
in which
in = 19’)’1’)’1 'Y, 92 = 19’72’72 T2 ) (233)

with T{ = A\%/2 and TQ = —\%* /2 being the quark and an-
thuark color matrices respectively and

8 (x1 — 21 )V A (xi | x2,22)
+53(X2 —ZQ)

Rfj)a(xlvx2;z17z2) =

Yo A (X | X1,21) ;
(234)

here A% (x; | x1,y1) and A5 (x; | X2, y2) are defined as

AZ(Xi | x1,¥y1) = <T [AZ(Xi,Tl)"/’(xl,Tl)E(YIaTl)]>ﬁ,

A5 (x| 2. y2) = (T [ Af 78 G0, 7 (v2,7)] )
(235)
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which are time-independent due to the translation-invari-
ance property of the Green functions. Also, we have

Q(x1,%2;21,22; F)

2
a a —bv
= Z QG (i, 7 | X1, %2521, 205 B) (2
ig=1
(236)
in which
Y =igyi T, 25" =igvhvaTy, (237)

and ggl; (xi,2; | X1, X2; 21, 22; E) is the Fourier transform of
the Green function defined by

gp.?/(xlﬁz_] | X1,X2521,22;T1 _TQ)
= <T{N [AS (xi, 1)t (%1, 1) Y (%2, 71|

xN[ (Zj,TQ)E(ZI,'Q)EC(Z%'Q)}}> (238)

B

and

D(x1,X2;21,22; F)

/Hd updvg Z Q““Q(z (% | x1,%x2;u1,up; F)

,j=1
—bv

x G~ (ur, up; vy, vo; )G (zj | v1,va; 21,22, E)(2

(239)

in which gff)“(xi | x1,%2;u1,uz; E), and gﬁj)b(zj | v1, va;
71, Z2; E) are the Fourier transforms of the following Green
functions:

gl(j)a(xi | X1, %2501, U2 71 —T2)

= <T{N [AS (i, 1)t (%1, 1) Y (%2, 71|
x N [1/J(u1,7'2) UQ,TQ }> (240)
B
and
G (2 | v1,va; 21,22, 71 —T2)
= <T{N[¢(V1,Tl)¢c(vz,ﬁ)]
x N [ (zjvTZ)E(zlvTZ)EC(ZZ,’Q)] }> - (241)
B
The S™1(z1,22;y1,y2) in (231) is the inverse of the func-
tion defined by

= 0% (x1 — 21)7 S§ (%2 — 22)

+0%(x2 — 22) 73 Sr(x1 — 21)
(242)

S(Xl,XQ;Zl,ZQ)

T

in which Sp(x1 —2z1) and S§(x2 —z2) are the equal-time
quark and antiquark thermal propagators respectively. It is
clear that there is one-to-one correspondence between both
kernels written in (226) and (231). It is noted that the in-
teraction kernel derived in this section is nonperturbative
because the Green functions included in the kernel are de-
fined in the Heisenberg picture. Perturbative calculations
of the kernel can easily be done by using the familiar per-
turbative expansions of Green functions as illustrated in
the next section.

7 One gluon exchange kernel
and Hamiltonian

In this section, we would like to show the one-gluon
exchange kernel given by the expression in (226). In
the lowest order approximation of perturbation, only
the first term of the series in (194), i.e., the kernel
K(atB™ ;7707 ; E) represented in (195), is needed to be
taken into account in (192) and (193). In the lowest order
approximation, as seen from (223), the first term in (226)
vanishes because the function R(A7p;yTd~) gives no con-
tribution to the kernel owing to the vanishing expectation
value (n|@,|n). Therefore, the one-gluon exchange kernel
can only arise from the second term in (226) where the
Green function G(A7p; {no; E) reduces to the ordinary one
G(A1p;€&no; E) in the lowest order approximation because
the last term in (226) vanishes in this case for the reason as
argued for the function R(Arp;y*46~). To evaluate the in-
verse S™1(uv;yt67), we first evaluate S(y+td~; ur). From
the expression denoted in (179), it is easy to find that the
nonvanishing contribution of S(y*§~; uv) is given by

S(yteT;uvt)
_5'Y+V+S — _(5u—5—5,y+,,+
Y +u+ 5# 5 _611*6* S’y*u+ _5'y+u+§6*p* )

(243)

where Sv+l,+ and g(;_ u— are the quark and antiquark
equal-time propagators. Their expressions, according to
the common definition, can be read from (139) and (140)
by setting 7, — 7 — 0%

1
S’y+u+ = (s'yﬁLl/+ A‘I(qlv 0+) = (s'yﬁLl/+ 5 [ﬁf(ql) - nf(ql)] y

S5 = 5y Bgl2,0%) = 05 3 [7y(a@2) ~my(a)]

(244)
Therefore, we can write
ST uvtiyteT) =4

ot 5;1,—6—871(75) ) (245)

where

S(0) =15 [mp(ar) —nylan) + 7y (a2) — ny(a2)].
(246)
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Thus, to derive the lowest order approximate kernel, we
only need to consider

K(a™ 737707 E)
=YY (@t B Mp)G(Arp; pvo; E)

Nrp €Co
(v9) -

X f(pvo; 6y )8! (247)

From (169), (207), (80) and (67), it is clearly seen that
when A, 7, p and v take the values A*, 7=, = and v, the
functions f(a™B7; Atp) and f(uvo; ") give the quark—
antiquark interaction taking place in the t-channel scatter-
ing process; while, when A, 7, u and v take the values A7,
7 T and v, the f(at87;Arp) and f(uvo;d—~T) will
give the quark—antiquark vertices which describe the ¢q an-
nihilation process. Since the expectation value of the qgq
color matrix appearing in the ¢g lowest order annihilation
process is zero in the color singlet, it is only necessary to
consider the following interaction kernel:

K(atp ;776 E)

=222 {f(Oﬁﬁ_; AT pP )G T pT v e E)

nv Atp Eno

X f(vio ;07 )+ fl@t BT A TTTpT)
x Gt p T vte S E)f(wvtet 6y )}871(75).
(248)
Noting  that  the  functions  f(a™8 ;A 17 p)

and f(u vto;0 ") are proportional to the coupling
constant ¢, in the approximation of order g2, we only
need to consider the zero-order of the Green function
G\t~ pT;p~vtoT; E). This Green function may easily
be derived from the generating functional Z°[j] repre-
sented in (96), (119), (138) and (150). The result is

G r7pTspviotim—m)

_ 1 3°2°5}

29 0n3(11)075 (11)07,, (72)0m,, (72) €3 (11)6& (72) li=0
Ag(kn, 71 —72)0: A g (kr, 71 — 72)0pe Ag (kp, 71 — T2)
=G\t phuvte” (249)

= 5>\1/

$T1L—T2) -

The last equality in the above arises from the fact that
Ay(k,, 1 —12) is an even function of i — 5. With the ex-
pressions given in (124) and (140), the Fourier transform of
G\t p ;p vTot;m —72) can be found to be

1
GO\t pspvtotiw,) = (5,\u(5w(5po.§A()\Tp) )

(250)

where A(A7p) will be specified soon.
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Substitution of (169), (207) and (250) in (248) leads to
K(afB™57"07; E)
1 At ot
< [ZAm N PANT Y07 ) ANBD) 35
+ZA

—ZA Ty TpT)A(G B pT)A(yBp)

—ZA 07B7p")
P

JAG™ T p)AaTp)day

)A(atytp7)A(adp) | ST (1D)

(251)

where the first two terms on the right hand side are uncon-
nected and represent the quark and antiquark self-energies,
while the remaining two terms precisely give the t-channel
one-gluon exchange kernel. In view of the expression in
(80) and the definitions in (67) and (71), we can write

Alatytp*) =ig(2m)6° (p1 — a1 F K)o, (P1) TV
X Ugt (a1)(2m) 72 (2w (k) /%) (k)
(252)
and
A6 pT) =1g(27)*6° (a2 — P2 £ k)T, (€2) T

X g, (92)(2m) /2 (2w(K)) %) (k)
= ~ig(2m)°6° (a2 — P2 £ k)T (P2) (—T") 7
Xt (a2) (2m) /2 (2w(k)) 2] ()
(253)

where the last equality in (253) is obtained by the charge
conjugation transformation. In the above, we have set k, =
p1, kg = p2, ky =qi1, ks = q2 and k, = k. From (249),
(250), (124) and (140), it is easy to get

A(adp)

IR
-3 /_ dren™ Ay (p1, ) Ag (2, 7) A (K, )

—Bleatestwp) _ 1 o€ —B(Ea‘f‘sé—wp) -1

iwp —€q —E5+wp
e~ Blea—es—wp) _ 1

iwp —eat+estw,

eﬁ(sa*aéf“)ﬂ) — ]_ eﬁ(5a756+wl3) _ ]_

nemom +n¢ndnf
P iyt ea—es—w, 1T Piw,teq—estw,
Bleates—wp) _ 1 Bleates+wp) _ 1
5—p © 5 nP €
+ n;?‘nfn — nf ngny

vy, +eates—w,
= A (p17q2ak;wn)

iwp +eqtes+w,
(254)
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and

A(vBp)

1 g iwnT
:5/_Bd7'e " Ay (P2, 7)Aq (a1, ) A (k, 7)

_5(57+sﬂ+wp) -1 —B(sw—i-c‘ﬂ—wp) 1

ATl -
= n n TL —na'an
ff blwn—57—€@—w 77, e —cptw,
—ﬁ’y’nﬁﬁpe —B(ey—egtwp) _ 1 +ﬁ7n5nﬁ —5(67 eg—wp) _ 1
fFe _ — g gy
wp —Ey+ER—Wp iwy, —ey+egtw,
— )7l eflev—ep—we) 1 n B eBlev—egtwp) _q
f f b _ _ f f b —
lwn"_fry Ep—Ww lwn_’_é—’y Eﬁ_’_wp

eBlevteptwp) _q

— NNy
iwy, +ey+eg—wp wpt+eyt+Eg+wy

= A(p27q1ak; wn): (255)
where
Ea = \/ p%""mlv Ep = \/ p%+m27 \/ q1+m1,
gs =4/A5+ma, w,=K|. (256)

It is noted here that the chemical potential is not taken
into account for the bound state. Other expressions for the
functions A(adp) and A(yBp) may be given by making use
of the expansions presented in (A.10) and (A.19) in the
appendix. Since the expressions contain infinite series, it
might be not convenient for our purpose. Upon inserting
(252)—(255) into the last two terms in (251) and notic-
ing the definition in (72), after completing the integration
over k and the summation over the polarization index, we
obtain

K(a*B7;9%67; E) = K(p1,p2; a1, 92; E)
=2m) 3B (p1+p2—aq1—
x V(p1,p2;d1,92; E),

q2)
(257)

where the iw, in (254) and (255) has been replaced by E,
and

V(P1,Pp2; a1, A2; B) = oy (P1)T Yt (A1) o, (P2) T

X Ugr (Q2)D(P1,P2; a1, 92)  (258)
in which
1
D(p1,p2; q1, Q2) = m[A(pl’ q2, P1 —(h)
+A(p2, a1, p1—a1)|S a1, q2) -
(259)

With the kernel given above, the equation in (192) can be
written as

[E—e(p1) —e(pP2)]xPa(P1; P2)

:/dg(th(JQK(pl,pQ;Q1’Q2)Xpa((h,(h)-
(260)
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When we introduce the cluster momenta
P=pi+p2, Q=a1+4q2, d=mpi—mp2,
mi mo
k=mqi—mq, m=——, m=—7"-"—",
mi +ma m1+mgo
(261)

in the center of mass frame, (260) will be represented as

&k

[E_E(pl)_g(pZ)]XPoc(q):/WV(qu,k)XPoc(k)'

(262)

As we know, the spinor function in (258) can be written as
ue(P) = U(p)pos where ¢, is the spin wave function and
U(p) is the ordinary Dirac spinor determined by the Dirac
equation. The spin wave functions may be absorbed into
the amplitude ¢ (af; E) appearing in (193). Thus, corres-
ponding to the align in (262), the equation in (193) will be
represented as

Bk ~

B —e1(a) — e2(@)pala) = / GV (P kir ().

(263)

where ¥p,(q) stands for the color singlet wave function
given in the Pauli spinor space, and

V(P;q,k)

- %gzU(plmU (a1)U(p2)7"U(q2) D(P, q, k)

(264)

represents the one-gluon exchange interaction Hamilto-
nian which formally is the same as given in the case of
zero temperature [17]. In (264), we have recovered the
Minkowski metric for the y-matrix in order to compare
with the ordinary zero-temperature result and consid-
ered that the expectation value of the ¢ color operator
T{(—T$*) in the color singlet equals —3.

8 Concluding remarks

In this paper, there are two new achievements. One is that
the path-integral formalism of the thermal QCD has been
correctly established in the coherent-state representation.
The expression of the QCD generating functional formu-
lated in this paper not only gives an alternative quantiza-
tion of the QCD, but also provides a general method for
calculating the partition function, the thermal Green func-
tions and thereby other statistical quantities of QCD in
the coherent-state representation. In particular, the gener-
ating functional enables us to carry out analytical calcu-
lations without being concerned with its discretized form.
As one has seen from Sect. 4, the analytical calculation of
the zero-order generating functional is simpler and more
direct than the previous calculations performed in the dis-
cretized form given either in the coherent-state represen-
tation or in the position space [18—22]. The coherent-state
path-integral formalism corresponds to the operator for-
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malism represented in terms of creation and annihilation
operators. In comparison with the latter formalism, which
was frequently applied in the many-body theory [21,29],
the coherent-state path-integral formalism has the promi-
nent advantage that in calculations within this formalism
the use of the operator commutators and the Wick theo-
rem is completely avoided. Therefore, it is more conve-
nient for practical applications. It should be noted that
although the QCD generating functional is derived in the
Feynman gauge, the result is exact. This is because QCD
is a gauge-independent theory. As shown in Sect. 4, in the
partition function derived in the Feynman gauge, the un-
physical part of the partition function given by the unphys-
ical degrees of freedom of gluons is completely cancelled
out by the partition function arising from the ghost par-
ticles. Certainly, the generating functional formulated in
the coherent-state representation can be established in ar-
bitrary gauges. But, in this case, the gluon propagator
would have a rather complicated form due to the fact that
the longitudinal part of the propagator will involve the po-
larization vector. Another point we would like to mention is
that to formulate the quantization of thermal QCD in the
coherent-state representation, we limit ourself to work in
the imaginary-time formalism. There is no doubt that the
theory can also be described in the real-time formalism. We
leave the discussion of this subject to the future.

The main achievement of this paper is the foundation
of a rigorous three-dimensional equation for the gg bound
states at finite temperature. Especially, the interaction ker-
nel in this equation is given by a closed expression in
the coherent-state representation. This kernel, as shown in
(226), contains only a few types of Green functions with
some definite coeflicients. We also give the correspond-
ing closed expression represented in the position space. As
shown in (231)—(242), in this expression only a few types
of Green functions and commutators are involved. There-
fore, the kernel cannot only easily be calculated by the
perturbation method but also is suitable for nonperturba-
tive investigations by using the lattice gauge approach and
some others. Since the kernel contains all the interactions
taking place in the bound state, obviously, the kernel and
the equation presented in the preceding sections are very
suitable to study quark deconfinement at high tempera-
ture, which is nowadays an important theoretical problem
in high energy physics. It is expected that an accurate non-
perturbative calculation of the kernel could come up in the
future so as to give the problem of quark deconfinement
a definite solution.

Acknowledgements. This work was supported by National Nat-
ural Science Foundation of China.

Appendix : Derivation of the generating
functional represented in the
position space

To confirm the correctness of the results derived in Sect. 4,
in this appendix we plan to derive the familiar pertur-
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bative expansion of the thermal QCD generating func-
tional represented in the position space from the corres-
ponding one given in Sect. 4. For this purpose, we need
to derive the generating functional represented in pos-
ition space for the free system, which can be written
as

2] =20 [72) 29 [1.T) 20 [k K|, (A1)
where Zg[Jl‘f], Zg[I,T] and Z°[K® K"] are the position
space generating functionals arising respectively from
the free gluons, quarks and ghost particles, and Jj, I,
I, K% and K" are the sources coupled to gluon, quark
and ghost particle fields respectively. In order to write
out the Z2[1,T], Z3[J¢] and Z2[K* K] from the gen-
erating functionals given in (119), (138) and (150), it
is necessary to establish relations between the sources
introduced in the position space and in the coherent-
state representation. Let us separately discuss the func-
tionals Zg[[,_], Zg[]ﬁ] and ZE[K“,FG]. First we fo-
cus our attention on the functional ZS[I ,I]. Usually,
the external source terms of fermions in the generating
functional given in the position space are of the form
[V ar [ a[T(x,7)(x, 7) + % (x,7)I(x,7)] [22,32]. Sub-
stituting in this expression the Fourier expansions in (58)
and (59) for the quark fields and for the sources in the
following,

4’k hex
I(X,T):/Wj(k,'r)ek y

T dgk T —ikx
Tor) = [ Gl e,

(A.2)
we have
B8 _ _
/ dr / Pz [T(x, 7)¢(x,7) + (%, 7)I(x,7)]
0
B
= [ ar [ ki e, b e m) + b2 0, ()
+ 775 (k, 7)ds (k, 7) + d5 (k, 7)7(k, 7)] (A.3)

where

"7:: (k’ T) = T(k’ T)US (k)7

ik, 7) = ~Ts(k)I(~k, 7).
(A.4)

Ns(,T) = Es_(k)l(k, 7),

From these relations and the property of Dirac spinors, the
relation in (137) is easily proved. On substituting (A.4)
into (138), one can get

) s 8 ]
zg[f,f]:zgexp{ /0 dry /0 dry / BT (k, )

X SF(k, T1 —TQ)I(k, TQ)} y
(A.5)
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where

Sw(k, 11 —72) = [(k+m)/e(k)]
with k =y, k" and k* = (k, ic,,). By making use of the in-
verse transformation of (A.2), the generating functional in
(A.5) is finally represented as [22, 32]

Aq(k, T1 — T2) (A6)

Z1,1]
0 P P a3
=Z, exp / d xl/ d*xol(21)Sr(z1 —x2)I(22) ¢,
0 0
(A.7)
where 2 = (x,7), d*z = drd®z and
Sr(z —m)—/dg—kS (k, 71 —)elk* . (A.8)
FlZ1—22) = 2r)° rlk, 71— T2 . .
It is well-known that the propagator A;s, (k, 71 —T2) is an-
tiperiodic,
A (k1 —To) = =AY (k1 =72 — B), if T =T
AZS (k,Tl_Tg):—AZS (k,Tl—T2+,8), if 7m<7m.
(A.9)

This can easily be proved from its representation in the op-
erator formalism as shown in (46) or (154) with the help
of the translation transformation b, ()= PR De=PK and
the trace property Tr(AB) = Tr(BA). According to the
antiperiodic property of the propagator, we have the fol-
lowing expansion:

Ag(k,7) = % S Ak e)e =T, (A10)

where T =71 — 1o, ¢

= %(271 +1), with n being an integer,
and

e(k)
€2 +e(k)?
(A.11)

g
Aq(k,er) :/ dre*"" ALk, T) =
0

Substituting (A.10) into (A.6) and noticing the above ex-
pression, it can be found that [22, 32]

d3k‘ elk(x1 xg)—ien (11 —72)

SFIl—xQ 62/ 3

)

(A.12)

Yk +m —ie, 0

which is the familiar expression for the thermal fermion
propagator in the position space.

Next, we discuss the generating functional Zo[J5]. The
source term of gluons in the generating functional given
in the position space is commonly taken as foﬁ dr [ 3z
Ji(x, 7) A (x,7) [22,32]. Employing the expansions in
(60) and in the following expression:
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3
JZ(X,T):/@d)l;/QJZ( T)elkx (A.13)

we can write

/ﬁ dT/d3{L'JC(X, T)AM(x,T)

:/ d7'/d3 *(k, 7)a$ (k, 7) + a5 (k, 7)E5 (k, 7')] ,

(A.14)
where
&k, ) = w(k)) 2l (k) 5 (k, 7) = €57 (=K, 7)
(A.15)

in which the last equality follows from Jjj(x, 7) being a real
function. Inserting the relations in (A.15) and then the in-
verse transformation of (A.13) into (119) and considering
completeness of the polarization vectors, one may find the
generating functional ZJ[J¢] [22,32],

ZB[JZ]: exp{2/ d4x1/ d*z,
X JZ(Il)D#Z;(l’l —I’Q)JS(IQ)} y (Alﬁ)

where

Dz,bj(xl — xz)
Bk 1

__ sab -
=90 | G o)

) ik(x1—%2)

Ag(k, 7 —T2)e
(A.17)
By the same argument as mentioned for (A.9), it can be

proved that the gluon propagator Ay(k, 71 —72) is a peri-
odic function

Agk, 71 —m) =Agk, 71 —2— ), if 7>,
Ag(k,Tl—Tg)ZAg(k,Tl—TQ-l-ﬂ), if 11 <m.
(A.18)

Therefore, we have the expansion

1 —iwnT
Ag(k7 T) = B ZAg(kv wn)e ) (Alg)
where w,, = 2’5” and
7 iwnT w(k)
Ag(k, wn) :/0\ dTe m Ag(k, T) = W
(A.20)

Upon substituting (A.19) and (A.20) in (A.17), we arrive
at [22,32]
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62 +w(k)2

lk(xl x2) lwn(‘rl T2)

X e

(A.21)

which just is the gluon propagator given in the position
space and in the Feynman gauge.

Finally, we turn to the generating functional
Z9[K*, K ]. In accordance with the expansions in (62) and
(63) for the ghost particle fields and those for the external
sources:

a d3k a ikx
K (X,T): (271_)3/2K (k7T)e )
&Pk —a ke
[ e e

the relation between the sources in the position space and
in the coherent-state representation can be found to be

/ﬁdT/d?’a: K
/ dT/d3

K (x,7)= (A.22)

x,7)C*(x,T) +C° (x,7)K(x,7T)

k T Ca (k ) C:; (k, T)Ca (kv T)

+C,(k, 7)ea(k, 7) + T (k, 7)C, (K, 7)] (A.23)
where
Ca(k,7) = (2w(k)) V2K (k, T),
Gk, ) = (2w(k)"V?EK" (k, 7)),
Calk,7) = —(2w(k) ?K" (K, 7),
Co(k,7) = —(2w(k))V2K%(~k,7),  (A.24)

from which the relations in (149) directly follow. When the
above relations and the inverse transformations of (A.22)
are inserted into (150), one can get

_ B B _
Zg[Ka,Ka] = Zg exp { —/ d4I1 / d4I2Ka(1’1)
0 0

X Agb(ml — I’Q)Kb(l’g)
(A.25)
where

AL (1 — o)

o [ o <1k)
_ gl Z/

(k el _TQ) ik(xl—x2)

= ik(xi—xp)—iwn(mi—72)
)

3e2 —Hu(k)2
(A.26)

which just is the free ghost particle propagator given in the
position space [22,32]. In the last equality of (A.26), the
expansion given in (A.19) and (A.20) have been used.

J.-C. Su: Rigorous relativistic equation for quark—antiquark bound states at finite temperature

With the generating functionals given in (A.7), (A.16)
and (A.25), the zeroth-order generating functional in (A.1)
is explicitly represented in terms of the propagators and
external sources. Clearly, the exact generating functional
can immediately be written from (95) as shown in the
following:

Z|[J] = exp { — /Oﬁ d*zH; (%) }ZO[J] :

(A.27)

where J stands forI,1, Jy, K* and K" , JJ( ) represents the

5 )
51( y! T 6I(@)’ §JG(x)’

Hi(— 57 (@) ) can be written from (57) When the field functions
in (57) are replaced by the differentials with respect to the
corresponding sources.
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